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Abstract
After recalling the differential geometry of non-metric connections
in the formalism of differential forms, we introduce the idea of a Non-
Metricity (NM) connection, whose connection 1–forms coincides with the
non-metricity 1–forms for a class of cobase fields. Then we formulate a the-
ory of gravitation (equivalent to General Relativity (GR)) which admits
a geometrical interpretation in a flat torsionless space where the gravita-
tional field is completely manifest in the non-metricity of a NM connec-
tion. We define and then apply the non-metricity gauge to a gravitational
Lagrangian density discovered by Wallner [11] (proved in Appendix A to
be equivalent to Einstein-Hilbert). The Einstein equations coupled to the
matter currents (Jα) thus becomes δdgα = Tα + Jα, where (Tα) is iden-
tified as the gravitational energy-momentum currents, to which we shall
find a relatively simple and physically appealing form. It is also shown
that in the gravitational analogue of the Lorenz gauge, our field equations
can be written as a system of Proca equations, which may be of interest
in the study of propagation of gravitational-electromagnetic waves.
∗Published in Adv. Appl. Clifford Algebras.
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1 Introduction
In this paper, a theory of gravitation equivalent to General Relativity (GR) will
be formulated, for which a geometrical interpretation where the gravitational
field is manifest in the non-metricity of a flat torsionless connection is naturally
attributed.
In order to do so, it will be necessary to recall some facts about the differen-
tial geometry of non-metric connections in parallelizable manifolds, which are
presented in sections 2.1 and 2.2 in the formalism of differential forms1. Also, we
introduce the concept of Non-Metricity (NM) connections, having the property
that its connection 1–forms coincides with its non-metricity 1–forms relatively
to a class of cobase fields, as described in section 2.3.
Subsequently to the mathematical preliminaries of section 2, we formulate
our gravitational theory in section 3. In section 3.1, we start from a gravitational
Lagrangian density L discovered by Wallner [11], which is given in terms of a
cobase field (gα) ∈
∧1
M representing the gravitational potentials by
L =
1
2
gα ∧ dg
β ∧ ⋆ (gβ ∧ dg
α)−
1
4
gα ∧ dg
α ∧ ⋆
(
gβ ∧ dg
β
)
.
In Appendix A, the equivalence between the Wallner Lagrangian (WL) density
and the Einstein-Hilbert Lagrangian density is established.
Then, also in section 3.1, we introduce the non-metricity gauge, whose ge-
ometrical meaning will become clear from the discussion of NM connections
1In section 2.2, we also derive an identity decomposing the connection 1–forms of an
arbitrary connection in terms of its non-metricity 1–forms, its torsion 2–forms and some
Levi-Civita connection 1–forms, something which may be useful to the study of gravitational
theories with additional degrees of freedom [23].
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presented in section 2.3. It will be shown from the variational principle (Propo-
sition 33) that the gravitational field equations assumes the form
δdgα = Tα + Jα,
where (Jα) ∈
∧1
M are the matter energy-momentum currents and (Tα) ∈
∧1
M
are identified with the gravitational energy-momentum currents. In the non-
metricity gauge, we find a relatively2 simple expression for the gravitational
energy-momentum currents, namely,
Tα =
1
2
⋆
(
dgβ ∧ iα ⋆ dg
β − iαdgβ ∧ ⋆dg
β
)
+
1
2
δgβ ∧ δg
β ∧ gα + iβdδg
β ∧ gα − iαdδg
β ∧ gβ,
whose physical significance is discussed in the many Remarks and Examples of
section 3.1.
In particular, we prove that if the gravitational Lorenz gauge δgα = 0 (0 ≤
α ≤ 3) is adopted, the gravitational equations becomes the following system of
coupled Proca equations with variable mass,
gα +
1
2
〈
dgβ |dg
β
〉
gα = idgβ
(
gα ∧ dg
β
)
+ Jα.
This latter form of the field equations may be of interest in the study of the prop-
agation of gravitational-electromagnetic waves, as briefly outlined in Examples
37 and 38.
As another straightforward application of the field equations, we also de-
rive a force law for the matter currents coupled to the gravitational field. By
identifying the 1–form
Wξ =
1
2
⋆
(
dgβ ∧ iξ ⋆ dg
β − iξdgβ ∧ ⋆dg
β
)
with the gravitational energy-flow along a Killing vector field ξ ∈ secTM , we
easily prove that
δWξ = 〈iξdgα|T
α + J α〉 ,
whose analogy with the Lorentz force law of electrodynamics is outlined in
Remark 42.
In section 3.2, we finally show that the gravitational field equations can be
completely rewritten in terms of the components Qαβγ of the non-metricity 2–
forms (defined in section 2.1) of a NM connection, together with the matter
energy-momentum currents, becoming
iνJµ = Q
α
µ[αν]; +Q
α
αν ;µ −
[
Q
α;β
αβ +
1
2
(
QαβγQ
α[βγ] +Q ααβ Q
βγ
γ
)]
ηµν
−Qα[µβ]Q
α[βγ]ηγν −QµαβQ
[αβ]
ν −Qµ[αν]Q
α β
β .
The gravitational field may therefore be interpreted as the manifestation of
the non-metricity of a flat and torsionless connection living in the spacetime
manifold.
2If compared, for instance, with [17].
3
2 Non-Metric Connections
In section 2.1, we state the basic definitions of differential geometry in the
language of differential forms and, in particular, we discuss the non-metricity
1–forms. Then, in section 2.2, many identities useful in the study of the gravi-
tational field equations and non-metricity are derived. Lastly, in section 2.3, we
introduce the Non-Metricity (NM) connections in a parallelizable manifold, as
it will be employed in section 3.1 to define the non-metricity gauge.
2.1 Basic Definitions
On what follows, let M be a parallelizable manifold.
Notation 1 Here and thereafter, (fαβ...) ∈ F signify a sequence (fαβ...)αβ... of
elements of the family F . Greek indexes always belongs to {0, 1, ..., dim (M)−1}.
Definition 2 Recall that (Eα) ∈ secTM is called a base field if every X ∈
secTM can be written as a linear combination of (Eα). On the other hand,
(Eα) is called a frame field if (Eα) is a base field orthonormal according to a
given metric [1] [2]. Also, (gα) ∈ secT ∗M is called the cobase field of (Eα) if
gα (Eβ) = δαβ for all 0 ≤ α, β ≤ dim (M)−1, and (gα) is a coframe field if (Eα)
is a frame field. For brevity, a frame field and a cobase field will be referred to
just as a frame and a cobase, respectively.
Notation 3
∧p
M ≡ sec
∧p
T ∗M is the space of the sections of the bundle
differential p–forms.
Notation 4 Let g be a metric tensor. We shall write g (X,Y ) = 〈X |Y 〉 for all
X,Y ∈ secTM .
Let (Eα) a base field on M and (gα) its cobase field. The metric induced
by (gα) is g = ηαβg
α ⊗ gβ, and the pair (M,g) is called a pseudo-Riemmanian
manifold. Here,
(ηαβ) = diag (−1, ...,−1,+1, ...,+1)
posses p negative and q positive eigenvalues. Recall that that g is called
Lorentzian when p = 1 or q = 1, and we shall adopt the former convention.
Notation 5 We denote by D an arbitrary connection onM , while ∇ is reserved
to the Levi-Civita connection of (M,g). The triple (M,g,∇) is referred to as a
pseudo-Riemannian space.
Let T be the torsion and R the Riemman curvature tensor of D, and (ωαβ) ∈∧1
M the connection 1–forms of D relative to the cobase (gα). Recall that for
all X ∈ secTM ,
DXEα = ω
β
α(X)Eβ .
Since we shall use constantly the Levi-Civita connection to apply some tricks
of differential forms, we must distinguish its connection 1–forms to that of an
arbitrary connection. So we introduce the following notation.
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Notation 6 The connection 1–forms of the Levi-Civita connection ∇ will be
denoted by (θαβ), and they will be called the Levi-Civita connection 1–forms.
Also, let (Tα) and (Rαβ) ∈
∧2
M be the torsion and curvature 2–forms
relative to the cobase (gα), and recall that for all X,Y ∈ secTM ,
T (X,Y ) = Tα (X,Y )Eα, R(X,Y )Eα = R
β
α (X,Y )Eβ .
The Ricci tensor Ric ∈ secT 02M of D is defined to be (up to an arbitrary
sign) the contraction of R such that, for all X,Y ∈ secTM , Ric (X,Y ) =
gα [R (X,Eα)Y ]. The Ricci 1–forms (Rα) are given byX ∈ secTM 7→ Rα (X) =
Ric (Eα, X). Therefore,
iβRα = g
γ [R (Eβ , Eγ)Eα] = g
γ
[
Rδα (Eβ , Eγ)Eδ
]
= Rγα (Eβ , Eγ) = −iβiγR
γ
α.
Since this holds for all β, we have just proven that
Rα = −iβR
β
α. (1)
One can prove using the above definitions that the Cartan structural equa-
tions holds for an arbitrary connection D [1]. We shall, only for the sake of
organization, state these equations as a Lemma.
Lemma 7 The connection 1–forms (ωαβ) and the torsion and curvature 2–
forms (Tα) and (Rαβ) of D relative to (gα) obeys the Cartan structural equations
dgα = −ω
β
a ∧ gβ +Tα, (2)
Rαβ = dω
α
β + ω
α
γ ∧ ω
γ
β. (3)
Given the recurrent use of the first Cartan structural equation in the fol-
lowing developments, for the sake of brevity, it is worth to introduce the next
notation.
Notation 8 Gα = dgα −Ta ∈
∧2M , 0 ≤ α ≤ dim (M)− 1.
So now the first Cartan structural equation becomes just Gα = −ω βa ∧ gβ.
The following definition of the non-metricity 1–forms (Aαβ) of D relative to
the cobase (gα) is nonstandard (besides its inherent simplicity), so we shall be
more careful in its formulation.
Definition 9 The non-metricity 1–forms (Aαβ) ∈
∧1
M of D relative to the
cobase (gα) are such that
Aαβ (X) = −
1
2
(DXg) (Eα, Eβ)
5
for all X ∈ secTM , while the non-metricity 2–forms (Qγ) ∈
∧2
M are given by
Qγ =
1
2
Qαβγg
α ∧ gβ,
where
Qαβγ = i[αAβ]γ ≡ iαAβγ − iβAαγ .
Lemma 10 The non-metricity 1–forms (Aαβ) are the symmetric part of the
connection 1–forms (ωαβ), that is,
Aαβ=
ωαβ + ωβα
2
.
In fact, 0 = DX [g (Eα, Eβ)] = (DXg) (Eα, Eβ)+〈DXEα|Eβ〉+〈Eα|DXEβ〉 =
−2Aαβ (X) + 〈ω
γ
α(X)Eγ |Eβ〉 +
〈
Eα|ω
γ
β(X)Eγ
〉
= −2Aαβ (X) + ωαβ + ωβα,
proving our Lemma. 
We conclude this section by introducing a notation for the anti-symmetric
part of (ωαβ), which will be related in an important identity to the connection
1–forms (θαβ) of the Levi-Civita connection.
Definition 11 Let (ωαβ) be the connection 1–forms of some connection in M .
The anti-symmetric part
(
ω[αβ]
)
of (ωαβ) are the 1–forms given by
ω[αβ] =
1
2
(ωαβ − ωβα)
for all 0 ≤ α, β ≤ dim (M)− 1.
Observe that, in the above notation, ωαβ = ω[αβ] +Aαβ .
2.2 Useful Identities
Now we prove some identities which are useful to study the gravitational equa-
tions in the formalism of differential forms. We also derive the decomposition
formula of the connection 1–forms of an arbitrary connection in M in terms of
its non-metricity 1–forms, its torsion 2–forms and the Levi-Civita connection
1-forms.
The following Lemma gives an identity involving the codifferential of a cobase
and the Levi-Civita connection 1–forms relative to that cobase. It will be used
only as an intermediary step for the proof of the succeeding Lemmas. As the
Levi-Civita connection always exists in the pseudo-Riemannian space (M,g),
its use will not imply in any no loss of generality.
Lemma 12 The codifferential δgα and the Levi-Civita connection 1–forms (θ
α
β)
relative to the cobase (gα) are related by
δgα = i
βθβα.
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To prove this, we shall need the following identity
d ⋆ gα = −θαβ ∧ ⋆g
β.
Indeed, let εαβγδ be the Levi-Civita totally anti-symmetric symbol. So
d ⋆ gα =
1
3!
εαβγδd
(
gβ ∧ gγ ∧ gδ
)
= dgβ ∧
1
2
εαβγδg
γ ∧ gδ
= dgβ ∧ ⋆ (gα ∧ gβ) = −θ
β
γ ∧ ⋆ (gα ∧ gβ) ∧ g
γ .
On the other hand,
⋆ (gα ∧ gβ) ∧ g
γ = ⋆2 (⋆ (gα ∧ gβ) ∧ g
γ) = − ⋆ iγ (gα ∧ gβ)
= − ⋆
(
δγαgβ − δ
γ
βgα
)
.
Therefore d ⋆ gα = θ
β
γ ∧ ⋆
(
δγαgβ − δ
γ
βgα
)
= θβα ∧ ⋆gβ − θ
β
β ∧ ⋆gα = −θαβ ∧ ⋆g
β.
Now we can establish the Lemma. Just recall that
δgα = − ⋆ (d ⋆ gα) = ⋆
(
θαβ ∧ ⋆g
β
)
= ⋆
(
⋆gβ ∧ θβα
)
= iθβα ⋆
2 gβ = iβθβα.
The next Lemma utilizes the last one to give a connection-independent re-
sult, i.e., which holds in any parallelizable manifold3.
Lemma 13 The contraction of the differential of a cobase is related to the cod-
ifferential of that cobase by
iαdgα = −δg
α ∧ gα.
In particular, it follows that
iαdgα ∧ ⋆i
βdgβ = δg
α ∧ ⋆δgα.
First, iαdgα = i
α
(
−θαβ ∧ gβ
)
= −iαθαβ ∧ gβ + θαβgαβ = −δgβ ∧ gβ.
Second, using that gα ∧ ⋆gβ = ⋆2
(
⋆gβ ∧ gα
)
= ⋆iαgβ = gαβ ⋆ 1,
iαdgα ∧ ⋆i
βdgβ = δg
α ∧ gα ∧ ⋆
(
δgb ∧ gb
)
= δgα ∧ δgb ∧ gα ∧ ⋆gb
= δgα ∧ δgbηαβ ⋆ 1
= δgα ∧ ⋆δgα. 
The identity of the following Lemma is the bridge between the geometry of
an arbitrary connection in M to the geometry of the Levi-Civita connection of
(M,g).
3Even if Lemma 12 employs a Levi-Civita connection, recall that in any parallelizable
manifold we can construct a pseudo-Riemannian space by choosing a frame field and declaring
it to be orthonormal.
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Lemma 14 The anti-symmetric part ω[αβ] of the connection 1–forms (ω
α
β) of
D relative to the cobase (gα) are given in terms of Gα = dgα −Tα (recall that
(Tα) are the torsion 2–forms of D) and of the components Qαβγ of the non-
metricity 2–forms Qγ of D by
ω[αβ] = iβGα − iαGb +
1
2
iαiβ (gγ ∧ G
γ)−Qαβγ ∧ g
γ.
Indeed, recall the first Cartan structural equation, Gγ = dgγ −Tγ = −ωγδ ∧
gδ. Contraction gives iβGγ = −iβωγδ∧gδ+ωγβ. Repeated contraction together
with cyclic permutations yields
iαiβGγ = iαωγβ − iβωγα, (4a)
iγiαGβ = iγωβα − iαωβγ , (4b)
iβiγGα = iβωαγ − iγωαβ . (4c)
After summing Eqs.(4b) and (4c), multiplying by −1 and interchanging β with
γ in iβiγGα, we obtain
iγ (ωαβ − ωβα)− iβωαγ + iαωβγ = iγiβGα − iγiαGβ .
Now, summing with Eq.(4a), dividing by 2 and using the definitions of ω[αβ]
(see Notation 11) and Aαβ (see Lemma 10) yields
iγω[αβ] + iαAβγ − iβAαγ =
1
2
(iγiβGα − iγiαGβ + iαiβGγ) . (5)
To remove the contraction iγ , observe that
iαAβγ − iβAαγ = δ
δ
γ (iαAβδ − iβAαδ)
= iγ
(
gδ ∧ (iαAβδ − iβAαδ)
)
= iγ
(
gδ ∧Qαβδ
)
,
and that iαiβGγ = δ
δ
γiαiβGδ = iγ
(
gδ ∧ iαiβGδ
)
. Therefore, Eq.(5) becomes
iγω[αβ] = iγ
[
1
2
(
iβGα − iαGβ + g
δ ∧ iαiβGδ
)
−Qαβδ ∧ g
δ
]
.
Lastly, since this holds for any contraction iγ and
gδ ∧ iαiβGδ = −iα
(
gδ ∧ iβGδ
)
+ iβGα
= −iα
(
−iβ
(
gδ ∧ Gδ
)
+ Gβ
)
+ iβGα
= iαiβ
(
gδ ∧ Gδ
)
− iαGβ + iβGα, (6)
we obtain the final form:
ω[αβ] = iβGα − iαGβ +
1
2
iαiβ
(
gδ ∧ Gδ
)
−Qαβδ ∧ g
δ. 
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Because the non-metricity 1–forms and the torsion 2–forms vanishes in the
Levi-Civita connection, the last Lemma applied to the Levi-Civita connection
1–forms (θαβ) yields
θαβ = iβdgα − iαdgβ +
1
2
iαiβ (gγ ∧ dg
γ) , (7)
(recall that θαβ = θ[αβ] for ∇). The above equation is the correspondent of the
Christoffel symbols of the classical tensor calculus, and express the fact that the
Levi-Civita connection is completely determined by the cobase (gα).
As a result, we can finally derive our decomposition formula.
Corollary 15 The connection 1–forms (ωαβ) of an arbitrary connection D is
given in terms of the Levi-Civita connection 1–forms (θαβ), the non-metricity
4
1–forms (Aαβ) and torsion 2–forms (T
α) of D (all relative to a fixed cobase
(gα)) via
ωαβ = θαβ +Aαβ − Tαβ −Qαβγ ∧ g
γ ,
where Tαβ = Tαβ (Tγ) ∈
∧1
M is given by
Tαβ = iβTα − iαTβ +
1
2
iαiβ (gγ ∧T
γ) ,
for all 0 ≤ α, β ≤ dim (M)− 1.
In fact, from the decomposition formula of Lemma 14 and Gα = dgα −Tα,
ω[αβ] = iβdgα − iαdgβ +
1
2
iαiβ (gγ ∧ dg
γ)
−
[
iβTα − iαTβ +
1
2
iαiβ (gγ ∧T
γ)
]
−Qαβδ ∧ g
δ.
Recognizing that the first sum is just the Levi-Civita connection 1–form θαβ
(see Eq.(7)) and that the second sum is what we called Tαβ , we conclude that
ω[αβ] = θαβ + Tαβ −Qαβδ ∧ g
δ. Now, just recall that ωαβ = ω[αβ] + Aαβ , the
sum of its symmetric and anti-symmetric parts. 
Remark 16 In the decomposition formula of ωαβ, the contribution of the tor-
sion derives from the 1–forms (Tαβ), which have the same structure as Eq.(7)
for the Levi-Civita connection 1–forms (θαβ). This symmetry between θαβ and
Tαβ is relevant to the teleparallel formulation of GR. In fact, let (gα) be a
teleparallel cobase5 in a teleparallel space with connection D. Thus Tα = dgα,
in which case Tαβ reduces to the right-hand side of Eq.(7). Hence, the torsion
2–forms in the teleparallel space (M, g,D) are (up to a gauge transformation
dgα 7→ dgα + dχ) in a one-to-one correspondence with connection 1–forms in
the pseudo-Riemannian space (M, g,∇). Therefore, if a geometrical theory of
gravity can be formulated in one space, it can be in the other [23] [10] [24].
4Recall that Qαβγ are just the components of the non-metricity 2–forms Qγ , so that the
term “Qαβγ ∧ g
γ” is another contribution of the non-metricity 1–forms to ωαβ .
5That is, DEαEβ = 0 for all 0 ≤ α, β ≤ 3, where (Eα) is the dual base field of (gα).
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We finish this section with another application of Lemma 14, proving a
formula useful in the decomposition of the Einstein 1–forms (Eq.(29)).
Lemma 17 d ⋆
(
gα ∧ gβ
)
= δgβ ∧ ⋆gα − δgα ∧ ⋆gβ + gβ ∧ ⋆dgα − gα ∧ ⋆dgβ −
⋆iαiβ (gγ ∧ dgγ).
Indeed, let (θαβ) be the Levi-Civita connection 1–forms of (M,g) with g
induced by (gα). So,
d ⋆
(
gα ∧ gβ
)
= −θαγ ∧ ⋆
(
gγ ∧ gβ
)
− θβγ ∧ ⋆ (g
α ∧ gγ)
= θαγ ∧ i
γ ⋆ gβ − θβγ ∧ i
γ ⋆ gα.
Using well-know properties of contraction and Lemma 12,
d ⋆
(
gα ∧ gβ
)
= −iγ(θαγ ∧ ⋆g
β) + iγθαγ ∧ ⋆g
β + iγ(θβγ ∧ ⋆g
α)− iγθβγ ∧ ⋆g
α
= iγ(⋆θαγ ∧ g
β)− iγ(⋆θβγ ∧ g
α)− iγθ αγ ∧ ⋆g
β + iγθ βγ ∧ ⋆g
α
= ⋆(θαγ ∧ g
γ) ∧ gβ − ⋆(θβγ ∧ g
γ) ∧ gα − 2 ⋆ θαβ
− iγθ αγ ∧ ⋆g
β + iγθ βγ ∧ ⋆g
α
= δgβ ∧ ⋆gα − δgα ∧ ⋆gβ + gα ∧ ⋆dgβ − gβ ∧ ⋆dgα − 2 ⋆ θαβ . (8)
But from Eq.(7),
θαβ = iβdgα − iαdgβ +
1
2
iαiβ (gγ ∧ dg
γ)
= iα ⋆
(
⋆dgβ
)
− iβ ⋆ (⋆dgα) +
1
2
iαiβ (gγ ∧ dg
γ)
= ⋆
(
gα ∧ ⋆dgβ
)
− ⋆
(
gβ ∧ ⋆dgα
)
+
1
2
iαiβ (gγ ∧ dg
γ) ,
so that
2 ⋆ θαβ = 2gα ∧ ⋆dgβ − 2gβ ∧ ⋆dgα + ⋆iαiβ (gγ ∧ dg
γ) . (9)
Thus, from Eqs.(8) and (9),
d ⋆
(
gα ∧ gβ
)
= δgβ ∧ ⋆gα − δgα ∧ ⋆gβ + gα ∧ ⋆dgβ − gβ ∧ ⋆dgα
+ ⋆iαiβ (gγ ∧ dg
γ) . 
2.3 The Non-Metricity Connection D
Definition 18 A connection D in a parallelizable manifoldM is a Non-Metricity
(NM) connection if and only if D is torsionless and there exists a cobase (gα)
for which the connection 1–forms (ωαβ) of D relative to (gα) satisfy ω[αβ] = 0.
Or, equivalently, that
ωαβ = Aαβ, for all 0 ≤ α, β < dim (M)− 1,
where (Aαβ) are the non-metricity 1–forms of D relative to (gα). Then (gα) is
called an adapted cobase of D.
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Example 19 Let M be a parallelizable manifold, (xα) a chart defined on some
open neighborhood U ⊂M and g = ηαβdxα⊗dxβ a metric induced by the cobase
field (dxα). The Levi-Civita connection of (M,g) is a NM connection, since its
connection 1–forms vanishes. This is the trivial NM connection.
Example 20 Let R3 be the Euclidean 3–space, so that if (r, θ, ϕ) are polar
coordinates in U ⊂ R3, its metric g|U = dr⊗dr+ r2
(
dθ ⊗ dθ + sin2 θdϕ⊗ dϕ
)
.
Let
(
gi
)
0≤i≤2
be the coframe field g0 = dr, g1 = rdθ and g3 = r sin θdϕ. A NM
connection D in U with adapted cobase
(
gi
)
is defined as follows. Let (Aαβ) ∈∧1
M be such that,
A10 =
1
r
g1, A12 =
1
r tan θ
g2, A20 =
1
r
g2,
and, for arbitrary differentiable functions f, g, h : R3 −→ R, let A00 = fg
0,
A11 = gg
1 and A22 = hg
2. One easily verify that dgi = −Aij ∧ gj for 0 ≤ i, j ≤
2. By declaring (Aαβ) the non-metricity 1–forms of D, D is completely defined.
So our desired NM connection exists but cannot be unique, given the arbitrarity
of the diagonal elements of (Aαβ).
Example 21 Let (M,g) be a 3–dimensional Riemannian space and (x, y, z) an
orthogonal chart on M so that g = f2dx ⊗ dx + g2dy ⊗ dy + h2dz ⊗ dz for
some functions f, g, h : M −→ R. Let
(
gi
)
0≤i≤2
be the coframe field g0 = fdx,
g1 = gdy and g2 = hdz. Define a NM connection D with non-metricity 1–forms
(Aαβ) as follows. Let,
A01 =
fy
fg
g0 +
gx
fg
g1, A02 =
fz
fh
g0 +
hx
fh
g2,
A12 =
gz
gh
g1 +
hy
gh
g2,
and define A00 = Fg
0, A11 = Gg
1 and A22 = Hg
2 for any functions F,G,H :
M −→ R. So it is easy to prove that dgi = −Aij ∧ gj for 0 ≤ i, j ≤ 2, and then
D is, up to the diagonal elements of (Aαβ), completely defined.
Remark 22 The obvious generalization of the following example shows that,
given any metric on a manifold M , we can always define locally a NM connection
with an adapted cobase field which is a coframe field in (M,g).
There exists an identity relating the Levi-Civita connection 1–forms relative
to an adapted cobase of a NM connection to the components of the non-metricity
2–forms of that NM connection. This relation is expressed in the following
Corollary.
Corollary 23 Let D be a NM connection on a parallelizable manifold M and
Qαβγ the components of the non-metricity 2–forms (Qγ) of D relative to an
adapted cobase (gα) of D. The connection 1–forms (θ
α
β) of the Levi-Civita
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connection of the pseudo-Riemannian manifold (M,g) (where g = ηαβg
α ⊗ gβ)
satisfy
θαβ = Qαβγ ∧ g
γ.
Indeed, by the decomposition formula of Corollary 15,
ω[αβ] = ωαβ −Aαβ = θαβ − Tαβ −Qαβγ ∧ g
γ .
But by the hypothesis on D, ω[αβ] = Tαβ = 0. 
3 Gravitation and Non-Metricity
In section 3.1, we define and utilize the non-metricity gauge to formulate a
theory of gravitation, whose field equations are derived from the variational
principle. We discuss the form of these field equations when written in the
gravitational Lorenz gauge, and deduce a force law for the matter currents
coupled to the gravitational field.
Then, in section 3.2, it is shown that the field equations derived in section
3.1 can be expressed completely in terms of the components Qαβγ of the non-
metricity 2–forms of Definition 9. We conclude therefore that the gravitational
field may be interpreted as the non-metricity of a flat torsionless connection.
Finally, it is exemplified how the non-metricity encodes information about the
gravitational field in the Schwarzschild solution.
3.1 Field Equations
The formulation of our theory is based in the following gravitational Lagrangian
density, discovered by Wallner [11] and which is (as proven in Appendix A)
equivalent to the Einstein-Hilbert Lagrangian density.
Definition 24 Let M be a four–dimensional parallelizable manifold. The Wall-
ner Lagrangian density (WL) L : (
∧1
M)4 × (
∧2
M)4 −→
∧4
M is
L =
1
2
gα ∧ dg
β ∧ ⋆ (gβ ∧ dg
α)−
1
4
gα ∧ dg
α ∧ ⋆
(
gβ ∧ dg
β
)
,
where ⋆ :
∧pM −→ ∧4−pM is the Hodge dual relative to the metric g = ηαβgα⊗
gβ induced by (gα) and to the orientation τ = g
0 ∧ g1 ∧ g2 ∧ g3 of M [3] [4].
From now on, cobase fields shall be called gravitational potentials. Our
theory begins with the assumption that the gravitational potentials are cobases
adapted to some NM connection D, and their set will be denoted by
∧
D. (By
the examples of the last section, we see that
∧
D 6= ∅). This assumption may be
referred to as the non-metricity gauge. From Remark 22 and the examples shown
above, one should see that any gravitational field can indeed be represented by
a tetrad in
∧
D.
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Lemma 25 The restriction L|∧D of the WL to cobases belonging to
∧
D is
L|∧D =
1
2
gα ∧ dg
β ∧ ⋆ (gβ ∧ dg
α) .
Let (gα) ∈
∧
D. So there exists (Aαβ) ∈
∧1M such that Aαβ = Aβα and
dgα = −Aαβ ∧ gβ. Thus gα ∧ dgα = gα ∧ gβ ∧Aαβ = 0, and only the first term
of the WL remains. 
Remark 26 Any field theory whose Lagrangian can be formulated in terms of
differential forms is invariant under diffeomorphism transformations [5] [7].
Therefore, the restriction of the WL to gravitational potentials in
∧
D cannot
affect the diffeomorphism invariance of the resulting field equations.
In the following two Lemmas, we determine the variation of the restricted
WL. In order to avoid confusion with the codifferential operator δ, lets denote
by δ a variation of (gα).
Recall that a variation of (gα) imply in a variation of ⋆, as the definition of
the Hodge dual involves the metric g = ηαβg
α ⊗ gβ . We account for the Hodge
variation by means of the following result.
Lemma 27 Let ω :
∧1M −→ ∧3M be a function of (gα), that is, ω = ω (gα).
Under a variation δ of (gα),
1
2
δ (ω ∧ ⋆ω) = δω ∧ ⋆ω − δgα ∧
(
iαω ∧ ⋆ω +
1
2
⋆ (ω ∧ ⋆ω) ∧ ⋆gα
)
.
In fact, first suppose that δω = 0. So the variation of ω ∧ ⋆ω derives exclu-
sively from that of the Hodge dual:
δ (ω ∧ ⋆ω) = ω ∧ δ (⋆ω) . (10)
On the other hand, the identity
gα ∧ gβ ∧ gγ ∧ ⋆ω = ω ∧ ⋆
(
gα ∧ gβ ∧ gγ
)
implies that
gα ∧ gβ ∧ gγ ∧ δ (⋆ω) = ω ∧ δ
(
⋆
(
gα ∧ gβ ∧ gγ
))
− δ
(
gα ∧ gβ ∧ gγ
)
∧ ⋆ω. (11)
The first term above can be written as
δ
(
⋆
(
gα ∧ gβ ∧ gγ
))
= δgδ ∧ ε
αβγδ = δgδ ∧ ⋆
(
gα ∧ gβ ∧ gγ ∧ gδ
)
,
while the second as
δ
(
gα ∧ gβ ∧ gγ
)
= δgα ∧ gβ ∧ gγ + gα ∧ δgβ ∧ gγ + gα ∧ gβ ∧ δgγ .
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Therefore, Eq.(11) yields
gα ∧ gβ ∧ gγ ∧ δ (⋆ω)
= −δgδ ∧ ω ∧ ⋆
(
gα ∧ gβ ∧ gγ ∧ gδ
)
−
(
δgα ∧ gβ ∧ gγ + gα ∧ δgβ ∧ gγ + gα ∧ gβ ∧ δgγ
)
∧ ⋆ω. (12)
Now, let ωαβγ = iγiβiαω. Hence, Eqs.(10) and (12) gives
δ (ω ∧ ⋆ω) =
1
3!
ωαβγg
α ∧ gβ ∧ gγ ∧ δ (⋆ω)
= −δgα ∧ ω ∧ ⋆ (ω ∧ g
α)− δgα ∧
(
1
2
ωαβγg
β ∧ gγ
)
∧ ⋆ω
= −δgα ∧ (ω ∧ i
α ⋆ ω + iαω ∧ ⋆ω) . (13)
Since
ω ∧ iα ⋆ ω = −iα (ω ∧ ⋆ω) + iαω ∧ ⋆ω = −〈ω|ω〉 ⋆ gα + iαω ∧ ⋆ω,
and −〈ω|ω〉 = −iω ⋆ (⋆ω) = − ⋆ (⋆ω ∧ ω) = ⋆ (ω ∧ ⋆ω), Eq.(13) is equivalent to
1
2
δ (ω ∧ ⋆ω) = −δgα ∧
(
iαω ∧ ⋆ω +
1
2
⋆ (ω ∧ ⋆ω) ∧ ⋆gα
)
.
Lastly, by letting ω depend on (gα), the total variation becomes
1
2
δ (ω ∧ ⋆ω) = δω ∧ ⋆ω − δgα ∧
(
iαω ∧ ⋆ω +
1
2
⋆ (ω ∧ ⋆ω) ∧ ⋆gα
)
. 
Lemma 28 The variation of L|∧D under a variation δ of (gα) ∈
∧
D is, up to
an exact differential,
δ (L|∧D) = d (...) + δgα ∧ ⋆G
α,
where (Gα) ∈
∧1
M are the Einstein 1–forms
⋆Gα = dg
β ∧ ⋆ (gβ ∧ dgα) + d
(
gβ ∧ ⋆
(
gα ∧ dg
β
))
− ⋆ (L|∧D) ∧ ⋆gα
− iα (gβ ∧ dg
γ) ∧ ⋆
(
gγ ∧ dg
β
)
. (14)
Indeed, from Lemmas 25 and 27,
δ (L|∧D) =
1
2
δ
(
gα ∧ dg
β ∧ ⋆ (gβ ∧ dg
α)
)
= δ
(
gα ∧ dg
β
)
∧ ⋆ (gβ ∧ dg
α)
− δgα ∧
(
iα (gβ ∧ dg
γ) ∧ ⋆
(
gγ ∧ dg
β
)
+ ⋆ (L|∧D) ∧ ⋆g
α
)
. (15)
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But the first term gives
δ
(
gα ∧ dg
β
)
∧ ⋆ (gβ ∧ dg
α)
= δgα ∧ dg
β ∧ ⋆ (gβ ∧ dg
α) + gα ∧ dδg
β ∧ ⋆ (gβ ∧ dg
α)
= δgα ∧ dg
β ∧ ⋆ (gβ ∧ dg
α) + d (...) + δgα ∧ d
(
gβ ∧ ⋆
(
gα ∧ dgβ
))
= d (...) + δgα ∧
(
dgβ ∧ ⋆ (gβ ∧ dg
α) + d
(
gβ ∧ ⋆
(
gα ∧ dgβ
)))
. (16)
Then, from Eqs.(15) and (16),
δ (L|∧D) = d (...)
+ δgα ∧ [dg
β ∧ ⋆ (gβ ∧ dg
α) + d
(
gβ ∧ ⋆
(
gα ∧ dgβ
))
− iα (gβ ∧ dg
γ) ∧ ⋆
(
gγ ∧ dg
β
)
− ⋆ (L|∧D) ∧ ⋆g
α].
The result follows by recognizing the terms between the square brackets as ⋆Gα
(see Eq.(14)). 
In the next Lemma, we decompose the Einstein 1–forms in the differen-
tial term δdgα together with the gravitational energy-momentum currents Tα
(Eq.(18)). In this way, the Einstein equation shall assume the form of four cou-
pled equations with the same structure as the inhomogeneous Maxwell equation,
from which we may derive a simple conservation law (Remark 32 and Proposi-
tion 33).
Lemma 29 The Einstein 1–forms (Gα) ∈
∧1M of the gravitational potentials
(gα) (Eq.(14)) can be written as
Gα = −δdgα + Tα, (17)
where (Tα) ∈
∧1
M are the gravitational energy-momentum currents:
Tα =
1
2
⋆
(
dgβ ∧ iα ⋆ dg
β − iαdgβ ∧ ⋆dg
β
)
+
1
2
δgβ ∧ δg
β ∧ gα + iβdδg
β ∧ gα − iαdδg
β ∧ gβ. (18)
In fact, the first term of Eq.(14) yields
dgβ ∧ ⋆ (gβ ∧ dgα) = dg
β ∧ iβ ⋆ dgα
= iβ
(
dgβ ∧ ⋆dgα
)
− iβdg
β ∧ ⋆dgα
=
〈
dgα|dg
β
〉
⋆ gβ + δgβ ∧ g
β ∧ ⋆dgα, (19)
where in the last line we used Lemma 13.
Now, the second term of Eq.(14) gives
d
(
gβ ∧ ⋆
(
gα ∧ dg
β
))
= d
(
gβ ∧ iα ⋆ dg
β
)
= d
(
−iα
(
gβ ∧ ⋆dg
β
)
+ ⋆dgα
)
= d ⋆ dgα − diα
(
gβ ∧ ⋆dg
β
)
.
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On the other hand,
gβ ∧ ⋆dg
β = ⋆2
(
⋆dgβ ∧ gβ
)
= ⋆iβ ⋆
2 dgβ
= − ⋆ iβdg
β = δgβ ∧ ⋆g
β,
from Lemma 13 again. So,
d
(
gβ ∧ ⋆
(
gα ∧ dg
β
))
= ⋆2 (d ⋆ dgα) + d
(
δgβ ∧ ⋆
(
gα ∧ g
β
))
= − ⋆ δgα + dδgβ ∧ ⋆
(
gα ∧ g
β
)
+ δgβ ∧ d ⋆
(
gα ∧ g
β
)
.
Therefore, by applying Lemma 17,
d
(
gβ ∧ ⋆
(
gα ∧ dg
β
))
= − ⋆ δgα + dδgβ ∧ ⋆
(
gα ∧ g
β
)
+ δgβ ∧ (δg
β ∧ ⋆gα − δgα ∧ ⋆gβ
+ gβ ∧ ⋆dgα − gα ∧ ⋆dgβ). (20)
where we used that dgγ ∧ gγ = 0 in the non-metricity gauge.
On the other hand, from Lemma 48 (proved in Appendix A),
L|∧D =
1
2
dgβ ∧ ⋆dg
β −
1
2
δgβ ∧ ⋆δg
β
=
(
1
2
〈
dgβ |dg
β
〉
−
1
2
δgβ ∧ δg
β
)
⋆ 1
Hence
− ⋆ (L|∧D) =
1
2
〈
dgβ |dg
β
〉
−
1
2
δgβ ∧ δg
β ,
and the third term of Eq.(14) becomes
− ⋆ (L|∧D) ∧ ⋆gα =
(
1
2
〈
dgβ |dg
β
〉
−
1
2
δgβ ∧ δg
β
)
∧ ⋆gα. (21)
Finally, we work on the last term of Eq.(14), for which
iα (gβ ∧ dg
γ) ∧ ⋆
(
gγ ∧ dg
β
)
= dgγ ∧ iγ ⋆ dgα + iαdg
γ ∧ gβ ∧ iγ ⋆ dg
β. (22)
First,
dgγ ∧ iγ ⋆ dgα = iγ (dg
γ ∧ ⋆dgα)− iγdg
γ ∧ ⋆dgα
= 〈dgα|dg
γ〉 ⋆ gγ + δgγ ∧ g
γ ∧ ⋆dgα. (23)
16
Second,
iαdg
γ ∧ gβ ∧ iγ ⋆ dg
β
= iγ
(
iαdg
γ ∧ gβ ∧ ⋆dg
β
)
− iγ (iαdg
γ ∧ gβ) ∧ ⋆dg
β
= iγ
(
iαdg
γ ∧ ⋆ ⋆
(
⋆dgβ ∧ gβ
))
+ iαiγdg
γ ∧ gβ ∧ ⋆dg
β + iαdg
γ ∧ ηβγ ⋆ dg
β
= −iγ
(
iαdg
γ ∧ ⋆iβdg
β
)
+ iαiγdg
γ ∧ gβ ∧ ⋆dg
β + iαdgβ ∧ ⋆dg
β
= δgβ ∧ iγ
(
iαdg
γ ∧ ⋆gβ
)
− δgα ∧ ⋆ ⋆
(
⋆dgβ ∧ gβ
)
+
〈
dgβ|dg
β
〉
⋆ gα
− dgβ ∧ iα ⋆ dg
β
= δgβ ∧ iγ
(
iαdg
γ ∧ ⋆gβ
)
− δgα ∧ δgβ ∧ ⋆g
β +
〈
dgβ |dg
β
〉
⋆ gα
− dgβ ∧ iα ⋆ dg
β . (24)
Third,
δgβ ∧ iγ
(
iαdg
γ ∧ ⋆gβ
)
= δgβ ∧ iγ
(
gβ ∧ ⋆iαdg
γ
)
= δgβ ∧ ⋆iαdg
β − δgβ ∧ g
β ∧ iγ ⋆ iαdg
γ
= −δgβ ∧ ⋆iα ⋆
(
⋆dgβ
)
+ δgβ ∧ g
β ∧ iγ ⋆ iα ⋆ (⋆dg
γ)
= −δgβ ∧ ⋆dg
β ∧ gα + δgβ ∧ g
β ∧ iγ (⋆dg
γ ∧ gα)
= −δgβ ∧ ⋆dg
β ∧ gα + δgβ ∧ ⋆dgα ∧ g
β, (25)
where the non-metricity gauge has been used again in iγ ⋆dg
γ = 0. Substituting
Eq.(25) in Eq.(24), we obtain
iαdg
γ ∧ gβ ∧ iγ ⋆ dg
β
=
〈
dgβ |dg
β
〉
⋆ gα − dgβ ∧ iα ⋆ dg
β
+ δgβ ∧ (⋆dgα ∧ g
β − ⋆dgβ ∧ gα − δgα ∧ ⋆g
β). (26)
Finally, from Eqs.(22), (23) and (26),
iα (gβ ∧ dg
γ) ∧ ⋆
(
gγ ∧ dg
β
)
=
〈
dgβ|dg
β
〉
⋆ gα + 〈dgα|dg
γ〉 ⋆ gγ − dgβ ∧ iα ⋆ dg
β
+ δgβ ∧ (2 ⋆ dgα ∧ g
β − ⋆dgβ ∧ gα − δgα ∧ ⋆g
β). (27)
Lastly, substituting Eqs.(19), (20), (21) and (27) in Eq.(14), performing
some algebraic cancelling and reorganizing the terms, we obtain
⋆Gα = − ⋆ dδgα +
(
dgβ ∧ iα ⋆ dg
β −
1
2
〈
dgβ |dg
β
〉
⋆ gα
)
+
1
2
δgβ ∧ δg
β ∧ ⋆gα
+ dδgβ ∧ ⋆
(
gα ∧ g
β
)
,
which we recognize as being equivalent to Eq.(17). 
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Remark 30 The first term of Eq.(18) for the gravitational energy-momentum
current Tα posses the same structure6 as the energy-momentum currents of the
electromagnetic field F ∈
∧2M , namely [3] [4]
Tα = −
1
2
⋆ (F ∧ iα ⋆ F− iαF ∧ ⋆F) .
The following terms of Tα consists of contributions derived from the codiffer-
ential δgα, all of which vanishes in the gravitational Lorenz gauge, yielding a
simple set of equations for the gravitational field (see Remark 35).
Remark 31 The expression for the Einstein 1–forms given in Lemma 29 can
be derived from a decomposition (due to Thirring and Wallner [11] [12] and
rediscovered by Sparling [15]) in which
⋆ Gα = d ⋆ πα + ⋆tα, (28)
where (πα) ∈
∧2
M are known as the superpotentials and (tα) ∈
∧1
M as the
pseudo-currents. For the record, πα and tα are given in terms of the Levi-Civita
connection 1–forms (θαβ) by
⋆πγ =
1
2
θαβ ∧ ⋆
(
gα ∧ gβ ∧ gγ
)
,
⋆tγ = −
1
2
θαβ ∧ (θγδ ∧ ⋆
(
gα ∧ gβ ∧ gδ
)
+ θβδ ∧ ⋆
(
gα ∧ gδ ∧ gγ
)
),
both of which can be derived from the formula of Gα in terms of the curvature
2–forms (Rαβ) of the Levi-Civita connection of (M,g), i.e. [3] [4]
Gα =
1
2
Rβγ ∧ ⋆
(
gβ ∧ gγ ∧ gα
)
,
and from the second Cartan structural equation. By employing Eq.(7), it is
possible to express the Thirring-Wallner form (Eq.(28)) just in terms of gα and
dgα, a fact which was one of the motivations leading Wallner to the Lagrangian
of Definition 24 [11].
Remark 32 On the other hand, the idea of expressing the Einstein 1–forms as
Gα = −δdgα + Tα,
so that the Einstein equations assumes the formal structure of four inhomo-
geneous Maxwell equations δdgα = Tα + Jα coupled to the matter energy-
momentum currents (Jα), is due to Rodrigues [17]. From this, we deduce the
conservation law
δ (Tα + Jα) = 0,
which suggests the identification of (Tα) as the energy-momentum currents of
the gravitational field, instead of the archaic energy-momentum pseudo-tensors
usually found in the literature [8] [9]. However, in virtue of the non-metricity
gauge adopted here, our Eq.(18) for the gravitational energy-momentum currents
is simpler and even more appealing physically than the one appearing in [17].
6Up to a minus sign.
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In the following paragraphs, the variational principle will be finally applied
to derive the gravitational field equations. Then we show in Example 35 that,
if written in the Lorenz gauge, our field equations becomes a system of coupled
Proca equations for the gravitational potentials, whose application to the study
of gravitational and electromagnetic waves is briefly outlined in Examples 37
and 38.
To account for the matter energy-momentum currents (Jα) ∈
∧1
M (and
possibly other classical fields), let Lm : (
∧1M)4 × (∧2M)4 −→ ∧4M represent
the matter Lagrangian. On what follows, it is supposed that under a variation
δ of (gα) ∈
∧
D,
δLm = δgα ∧ ⋆J
α. (29)
Details regarding Lm and some matter models are described in [3] and [4].
Proposition 33 Let S :
∧
D −→ R be the action functional
S [(gα)] =
ˆ
V
(L|∧D + Lm) ((gα) , (dgα)) ,
for V ⊂ M a compact four–dimensional submanifold. Thus S is stationary
under a variation δ of (gα) ∈
∧
D, that is,
δS [(gα)] = 0,
if and only if the Einstein equations
δdgα = Tα + Jα, (30)
are satisfied.
In fact, one can prove that [7]
δS = δ
ˆ
V
(L|∧D + Lm) =
ˆ
V
δ (L|∧D + Lm) .
Hence, by Lemma 28 and Eq.(29),
δS =
ˆ
V
δgα ∧ ⋆ (G
α + J α) = 0,
so that Gα+J α = 0, and the Einstein equations (Eq.(30)) follows from Lemma
29. 
Remark 34 The interaction of the gravitational energy-momentum currents
(Tα) with the gravitational field is hidden in the old-fashioned geometrical for-
mulation of GR in the pseudo-Riemannian space (M,g,∇). Recall that the
Einstein equations are given in terms of the Ricci 1–forms (Rα) of (M,g,∇) by
Rα −
1
2
Rgα = Jα.
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In this form, only the matter energy-momentum currents (Jα) appears in the
right-hand side, while the gravitational currents (Tα) are disguised in the “ge-
ometrical” left-hand side. On the other hand, according to the gravitational
equations which were derived above, from where we read
δdgα = Tα + Jα,
it is seen that both the matter and gravitational energy-momentum currents
contributes to and interacts with the gravitational field, realizing the physical
idea that the gravitational field interacts with itself.
Example 35 [Lorenz Gauge]Lets suppose that (gα) satisfy the gravitational
Lorenz gauge, for which
δgα = 0, 0 ≤ α ≤ 3.
It follows that the gravitational energy-momentum currents (Tα) (recall Eq.(18))
becomes
Tα =
1
2
⋆
(
dgβ ∧ iα ⋆ dg
β − iαdgβ ∧ ⋆dg
β
)
,
possessing therefore the same structure as the electromagnetic energy-momentum
currents (compare with Remark 42). But since
iαdgβ ∧ ⋆dg
β = iα
(
dgβ ∧ ⋆dg
β
)
− dgβ ∧ iα ⋆ dg
β
=
〈
dgβ |dg
β
〉
⋆ gα − dgβ ∧ ⋆
(
gα ∧ dg
β
)
, (31)
the currents (Tα) can be rewritten as
Tα = idgβ
(
gα ∧ dg
β
)
−
1
2
〈
dgβ |dg
β
〉
gα. (32)
On the other hand, recall that the Laplace-Beltrami operator is defined by  =
dδ + δd (see [3] or [4]), so that in the Lorenz gauge,
gα = (dδ + δd) gα = δdgα. (33)
Finally, from Eqs.(32) and (33) together with the Einstein equation (Eq.(30)),
our gravitational field equations becomes the following system of four coupled
Proca equations,
gα +
1
2
〈
dgβ |dg
β
〉
gα = idgβ
(
gα ∧ dg
β
)
+ Jα, (34)
whose variable mass M = 12
〈
dgβ|dgβ
〉
derives entirely from the gravitational
field, while the sources are both from gravitational and matter origins, namely,
idgβ
(
gα ∧ dgβ
)
and Jα respectively.
Remark 36 The variable mass M appearing in the Proca equations for the
gravitational potentials in the Lorenz gauge (Eq.(34)) cannot be identified as the
graviton mass. In fact, if the mass term 14m
2gα ∧ ⋆gα is included in the WL,
20
it can be proven that the currents appearing in our field equations (Eq.(30))
receives an additional mass term, becoming
δdgα = Tα +m
2gα + Jα. (35)
This, in turn, adds a correction to the variable mass M of our Proca equations,
which now reads
gα +
(
1
2
〈
dgβ |dg
β
〉
+m2
)
gα = idgβ
(
gα ∧ dg
β
)
+ Jα.
Alternatively, if we look at the geometrical formulation of GR in the pseudo-
Riemannian space (M,g,∇), the field equations after the inclusion of the mass
term 14m
2gα ∧ ⋆gα are given by
Rα −
1
2
Rgα +m
2gα = Jα.
The presence of a mass term in the WL, therefore, is equivalent to the introduc-
tion of a cosmological constant. So, while the variable mass M of Eq.(34)
is effective in character, depending on the configuration of the gravitational
field, the mass m (or, equivalently, a cosmological constant) interacts with the
gravitational potential by means of a contribution to the gravitational energy-
momentum currents, as seen in Eq.(35).
Example 37 It is interesting to note that our vacuum (Jα = 0) gravitational
equations in the Lorenz gauge (Eq.(34)) are given by
gα +
1
2
〈
dgβ|dg
β
〉
gα = idgβ
(
gα ∧ dg
β
)
.
Therefore, even in the absence of matter, the Proca equations describing the
propagation of the gravitational potentials posses a source, but which is now
purely gravitational in origin. This is a statement of the non-linearity inher-
ent to the propagation of the gravitational field, and a mathematical realization
of the physical picture that gravitational disturbances may itself be a source of
gravitational fields.
Example 38 In electrovacuum, the only contribution to the “matter” energy-
momentum currents (Jα) derives from the electromagnetic field, for which (re-
call Remark 30)
Jα =
1
2
⋆ (iαF ∧ ⋆F− F ∧ iα ⋆ F) =
1
2
〈F|F〉 gα − iF (F∧gα) .
Accordingly, our gravitational field equations in the Lorenz gauge (Eq.(34)) be-
comes
gα +
1
2
(〈
dgβ |dg
β
〉
− 〈F|F〉
)
gα = idgβ
(
gα ∧ dg
β
)
− iF (F∧gα) .
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We then see that the existence of a nonvanishing electromagnetic field changes
the effective mass of propagation of the gravitational potentials and introduces
a contribution to the source term in the above Proca equations. This result sug-
gests that the existence of electromagnetic oscillations may be a source for grav-
itational pertubation, which is consonant with many solutions of the Einstein-
Maxwell equations (and its linearized version) which describes a coupled system
of gravitational-electromagnetic waves (some of which are [18], [19] and [20]).
Our form of the Einstein equation admits a very simple “force law”, which
is just the analog of the Newtonian theorem of work and energy variation.
Definition 39 Let ξ ∈ secTM be a Killing vector field. The energy-flow of the
gravitational potentials (gα) along ξ is the 1–form Wξ ∈
∧1
M given by
Wξ =
1
2
⋆
(
dgβ ∧ iξ ⋆ dg
β − iξdgβ ∧ ⋆dg
β
)
,
while δWξ = Fξ is the gravitational force along ξ.
Remark 40 Suppose that the dual Eα of a gravitational potential gα turns out
to be a Killing vector field. So the energy-flow Wξ of the gravitational potentials
along ξ = Eα is just the first term of the gravitational energy-momentum cur-
rents of Eq.(18). In fact, if the Lorenz gauge δgβ = 0 (0 ≤ β ≤ 3) is assumed,
Wξ = Tα.
Lemma 41 Let (gα) be gravitational potentials obeying Eq.(30), ξ ∈ secTM a
Killing vector field and Wξ the energy-flow of (gα) along ξ. So
Fξ = δWξ = 〈iξdgα|Tα + Jα〉 ,
where (Tα) and (Jα) are the gravitational and matter energy-momentum cur-
rents, respectively.
Indeed, denoting by Lξ the Lie derivative along ξ and applying the Cartan’s
formula Lξ = diξ + iξd,
d ⋆Wξ =
1
2
diξ (dgα ∧ ⋆dg
α)− dgα ∧ diξ ⋆ dg
α
=
1
2
Lξ (dgα ∧ ⋆dg
α)− dgα ∧ diξ ⋆ dg
α
= dgα ∧ Lξ ⋆ dg
α − dgα ∧ diξ ⋆ dg
α
= dgα ∧ iξd ⋆ dg
α
= −dgα ∧ iξ ⋆ δdg
α.
From Einstein equation,
d ⋆Wξ = −dgα ∧ iξ ⋆ (Tα + Jα)
= iξdgα ∧ ⋆ (Tα + Jα) ,
so that
δWξ = − ⋆ (iξdgα ∧ ⋆ (Tα + Jα)) = 〈iξdgα|T
α + J α〉 . 
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Remark 42 The above force law for the gravitational interaction with matter
currents is analogous to the Lorentz force of electrodynamics [3]. Indeed, let
F ∈
∧2
M be an electromagnetic field interacting with the current J ∈
∧1
M
according to the Maxwell inhomogeneous equation δF = J . Following the same
steps of the proof of the above Lemma, one can show that J obeys the force law
δTξ = 〈iξF|J 〉 .
Here, Tξ is the electromagnetic energy-momentum current along ξ, given by
Tξ = −
1
2
⋆ (F ∧ iξ ⋆ F− iξF ∧ ⋆F) .
Compare Tξ with the discussion of Remark 30.
3.2 Gravitation as Non-Metricity
On what follows, we rewrite our field equations (Eq.(30)) entirely in terms of
the components Qαβγ of the non-metricity 2–forms of the NM connection D to
which our gravitational potentials (gα) are adapted, together with the matter
energy-momentum currents. This will show that the gravitational field can be
interpreted as the manifestation of the non-metricity of D.
Lemma 43 Let (gα) ∈
∧
D and Qαβγ be the components of the non-metricity
2–forms (Qγ) of D relative to (gα). So,
iν (δdgµ) = Q
α
µ[αν]; −QµαβQ
[αβ]
ν −Qµ[αν]Q
α β
β . (36)
Also, let (Tα) ∈
∧1M be the gravitational energy-momentum currents (Eq.(18))
of the gravitational potentials (gα). Hence,
iνTµ = Qα[µβ]Q
α[βγ]ηγν −Q
α
αν ;µ
+
[
Q
α;β
αβ +
1
2
(
QαβγQ
α[βγ] +Q ααβ Q
βγ
γ
)]
ηµν . (37)
First we prove Eq.(36). Let (θαβ) be the Levi-Civita connection 1–forms of
the pseudo-Riemannian space (M,g), where g = ηαβg
α ⊗ gβ. By Corollary 23,
dgµ = −θµα ∧ g
α = −
(
Qµαβg
β
)
∧ gα = Qµαβg
α ∧ gβ . (38)
So,
⋆d ⋆ (dgµ) = ⋆d
(
Qµαβ ⋆
(
gα ∧ gβ
))
= ⋆
(
dQµαβ ∧ ⋆
(
gα ∧ gβ
))
+Qµαβ ⋆ d ⋆
(
gα ∧ gβ
)
= Qµαβ;δ ⋆
(
gδ ∧ ⋆
(
gα ∧ gβ
))
+Qµαβ ⋆ d ⋆
(
gα ∧ gβ
)
. (39)
On one hand,
⋆
(
gδ ∧ ⋆
(
gα ∧ gβ
))
= −iδ
(
gα ∧ gβ
)
= ηβδgα − ηαδgβ,
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and therefore
Qµαβ;δ ⋆
(
gδ ∧ ⋆
(
gα ∧ gβ
))
= Qµαβ;δη
βδgα −Qµαβ;δη
αδgβ
= Q βµαβ; g
α −Q αµαβ; g
β
= (Q βµαβ; −Q
β
µβα; )g
α
= Q β
µ[αβ]; g
α. (40)
Now, on the other hand,
d ⋆
(
gα ∧ gβ
)
= −θαγ ∧ ⋆
(
gγ ∧ gβ
)
− θβγ ∧ ⋆ (g
α ∧ gγ)
= −Qαγδg
δ ∧ ⋆
(
gγ ∧ gβ
)
−Qβγδg
δ ∧ ⋆ (gα ∧ gγ) ,
using Corollary 23 again. Thus
⋆d ⋆
(
gα ∧ gβ
)
= −Qαγδ ⋆
(
⋆
(
gγ ∧ gβ
)
∧ gδ
)
−Qβγδ ⋆
(
⋆ (gα ∧ gγ) ∧ gδ
)
.
But since
⋆
(
⋆
(
gγ ∧ gβ
)
∧ gδ
)
= −iδ
(
gγ ∧ gβ
)
= ηβδgγ − ηγδgβ ,
⋆
(
⋆ (gα ∧ gγ) ∧ gδ
)
= −iδ (gα ∧ gγ) = ηγδgα − ηαδgγ ,
we obtain:
⋆d ⋆
(
gα ∧ gβ
)
= −Qαγδ
(
ηβδgγ − ηγδgβ
)
−Qβγδ
(
ηγδgα − ηαδgγ
)
= Qα γγ g
β −Qβ γγ g
α + (Qβ αγ −Q
α β
γ )g
γ
= Qα γγ g
β −Qβ γγ g
α + (Q αβγ −Q
βα
γ )g
γ
= Qα γγ g
β −Qβ γγ g
α +Q [αβ]γ g
γ .
So, multiplying by Qµαβ yields
Qµαβ ⋆ d ⋆
(
gα ∧ gβ
)
= QµαβQ
[αβ]
γ g
γ +QµαβQ
α γ
γ g
β −QµαβQ
β γ
γ g
α
= QµαβQ
[αβ]
γ g
γ + (Qµαβ −Qµβα)Q
α γ
γ g
β
= QµαβQ
[αβ]
γ g
γ +Qµ[αβ]Q
α γ
γ g
b. (41)
Hence, from Eqs.(39), (40) and (41), we deduce:
⋆d ⋆ (dgµ) = Q
β
µ[αβ]; g
α +QµαβQ
[αβ]
γ g
γ +Qµ[αβ]Q
α γ
γ g
β.
By contracting with iν ,
iν (⋆d ⋆ (dgµ)) = Q
β
µ[νβ]; +QµαβQ
[αβ]
ν +Qµ[αν]Q
α γ
γ .
Finally, since iν (δdgµ) = −iν (⋆d ⋆ (dgµ)), we obtain
iν (δdgµ) = Q
α
µ[αν]; −QµαβQ
[αβ]
ν −Qµ[αν]Q
α β
β .
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Now we derive Eq.(37). Using that
dgα ∧ iµ ⋆ dg
α = 〈dgα|dg
α〉 ⋆ gµ − iµdgα ∧ ⋆dg
α,
the gravitational energy-momentum currents (Eq.(18)) can be written as
Tµ =
1
2
〈dgα|dg
α〉 gµ + iiµdgαdg
α
+
1
2
δgα ∧ δg
α ∧ gµ + iαdδg
α ∧ gµ − iµdδg
α ∧ gα.
Contraction with iν yields
iνTµ =
(
1
2
〈dgα|dg
α〉+
1
2
δgα ∧ δg
α + iαdδg
α
)
ηµν
+ iν
(
iiµdgαdg
α
)
− iµdδgν . (42)
First, use Eq.(38) to obtain
〈dgα|dg
α〉 = QαβγQ
α
δǫ
〈
gβ ∧ gγ |gδ ∧ gǫ
〉
.
But
〈
gβ ∧ gγ |gδ ∧ gǫ
〉
= iγiβ
(
gδ ∧ gǫ
)
= iγ
(
ηβδgǫ − ηβǫgδ
)
= ηβδηγǫ − ηβǫηγδ
implies
〈dgα|dg
α〉 = QαβγQ
α
δǫη
βδηγǫ −QαβγQ
α
δǫη
βǫηγδ
= Qαβγ
(
Qαβγ −Qαγβ
)
= QαβγQ
α[βγ]. (43)
Second, from Lemma 12 and Corollary 23,
δgα = i
βθβα = i
β (Qβαγg
γ) = Q ββα ,
so that
δgα ∧ δg
α = Q ββαQ
αγ
γ . (44)
Third,
iαdδgα = i
α(Q ββα ;γg
γ) = Q α βαβ ; (45)
and
iµdδgν = iµ(Q
β
βν ;γg
γ) = Q ααν ;µ. (46)
Lastly, from Eq.(38),
iµdgα = iµ(Qαβγg
β ∧ gγ) = Qαβγ(δ
β
µg
γ − δγµg
β)
= (Qαµβ −Qαβµ)g
β = Qα[µβ]g
β,
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which imply
iiµdgαdg
α = Qα[µβ]Q
α
γδi
β(gγ ∧ gδ)
= Qα[µβ]Q
α
γδ
(
ηβγgδ − ηβδgγ
)
= Qα[µβ]Q
α[βγ]gγ .
Hence:
iν
(
iiµdgαdg
α
)
= Qα[µβ]Q
α[βγ]ηγν . (47)
Finally, substituting Eqs.(43) to (47) in Eq.(42), we conclude:
iνTµ = Qα[µβ]Q
α[βγ]ηγν −Q
α
αν ;µ (48)
+
[
Q
α β
αβ ; +
1
2
(
QαβγQ
α[βγ] +Q ββαQ
αγ
γ
)]
ηµν .  (49)
Proposition 44 The Einstein equations (Eq.(30)) for the gravitational poten-
tials (gα) ∈
∧
D coupled to the matter energy-momentum currents (Jα) are
equivalent to the following field equations for the components Qαβγ of the non-
metricity 2–forms (Qγ) of D relative to (gα),
iνJµ = Q
α
µ[αν]; +Q
α
αν ;µ −
[
Q
α;β
αβ +
1
2
(
QαβγQ
α[βγ] +Q ααβ Q
βγ
γ
)]
ηµν
−Qα[µβ]Q
α[βγ]ηγν −QµαβQ
[αβ]
ν −Qµ[αν]Q
α β
β . (50)
The result follows from a direct substitution of Eqs.(36) and (37) in the
Einstein equations (Eq.(30)). 
Remark 45 The linearized gravitational field equations in terms of the compo-
nents Qαβγ of the non-metricity 2–forms are
iνJµ = Q
α
µ[αν]; +Q
α
αν ;µ −Q
α;β
αβ ,
as seen easily from Eq.(50). They constitute a coupled system of first order
partial differential equations.
Example 46 [Schwarzschild solution]Let m > 0, M = R× ]2m,∞[ × S2 and
(t, r, θ, ϕ) be the natural coordinates of M . Also, let
g = −
(
1−
2m
r
)
dt⊗ dt+
1
1− 2m/r
dr ⊗ dr + r2ω,
where ω is the pull-back of the Euclidean metric of S2,
ω = dθ ⊗ dθ + sin2 θdϕ ⊗ dϕ.
Then (M,g) is called the Schwarzschild solution with mass m, and (t, r, θ, ϕ) are
known as Schwarzschild coordinates [22]. The gravitational potentials of (M,g)
can be described by the coframe field (gα) such that
g0 =
√
1−
2m
r
dt, g1 =
1√
1− 2m/r
dr, g2 = rdθ, g3 = r sin θdϕ.
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A NM connection can be defined for which (gα) is an adapted coframe field, once
we choose its non-metricity 1–forms (Aαβ) as
A01 =
1√
1− 2m/r
m
r2
g0, A21 =
1
r
√
1−
2m
r
g2,
A31 =
1
r
√
1−
2m
r
g3, A32 =
1
r tan θ
g3,
and with diagonal elements
A00 = F0g
0, ..., A33 = F3g
3,
where (Fα) are any differentiable functions M −→ R. It is easily proven that
dgα = −Aαβ ∧ g
α,
so that our NM is well-defined.
Remark 47 A discussion of the Schwarzschild solution in terms of non-metricity
is also presented by Notte-Cuello, da Rocha and Rodrigues in [21]. However,
instead of using a non-metricity gauge or NM connections, these authors con-
sidered the situation in which the gravitational field is derived from the non-
metricity of the Levi-Civita connection compatible with a Minkowski metric,
defined over the Schwarzschild spacetime. Therefore, they work requires a bi-
metric theory of gravitation, while our theory only requires a cobase satisfying
the non-metricity gauge.
4 Discussion
In trying to better understand the gauge nature of gravitation, Thirring and
Wallner [3] [11] [12] were led to a gravitational Lagrangian density involving
only the cobase that represents the gravitational potentials (recall Definition 24
and Remark 31). Their approach, as the reader may be convinced by study-
ing our Appendix A, is not restricted to any geometrical interpretation of the
gravitational field. The latter is then realized as a legitimate field living in the
spacetime manifold, in a sense similar to that with which Faraday, Maxwell and
Lorentz attributed to the electromagnetism.
Now, concerned with the existence of conservation laws in GR and guided
by Thirring and Wallner writings, Rodrigues and his collaborators [5] [6] [16]
[17] proposed to rewrite the Einstein equations coupled to the matter currents
(Jα) as
δdgα = Tα + Jα,
where the 1–forms (Tα) are identified with the gravitational energy-momentum
currents. This parallels the equations of gravitation with the Maxwell inho-
mogeneous equation of electrodynamics, and realizes the physical idea that the
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gravitational energy-momentum currents are itself a source for gravitational
fields.
On the other hand, many authors have been concerned with new geometrical
interpretations of GR, principally in teleparallel spaces. In particular, Nester
[25], Adak and his collaborators [26]–[29] studied the geometrical formulation
of GR based on a flat torsionless connection, where the gravitational field is
manifest in the non-metricity of such a connection. This approach, which we
have called the “non-metricity formulation of GR”, has been referred by the
latter authors (starting with Nester) as the “Symmetric Teleparallel General
Relativity” (STGR).
In the present paper, we have unified the works of Thirring, Wallner, Ro-
drigues, Nester, Adak and many others. We begun with the gravitational for-
malism of Thirring and Wallner, conceiving the gravitational potentials as a
cobase field (gα) living in a parallelizable spacetime manifold. Then, from our
discussion of the NM connections, we introduced the notion of the non-metricity
gauge, for which the gravitational potentials satisfy
gα ∧ dg
α = 0.
The geometrical interpretation of this gauge is that the cobase (gα) is adapted
to a given NM connection D, which means that the connection 1–forms of D
coincides with its non-metricity 1–forms relative to (gα).
Then the Wallner Lagrangian density, when restricted to the non-metricity
gauge, becomes
L|∧D =
1
2
gα ∧ dg
β ∧ ⋆ (gβ ∧ dg
α) .
By employing the variational principle and following Rodrigues remarks, we ob-
tained the gravitational field equations coupled to the matter energy-momentum
currents (Jα) as δdgα = Tα + Jα. However, from our concern with the non-
metricity formulation of gravitation, we found that the gravitational energy-
momentum currents in the non-metricity gauge assumes a particularly simple
and physically appealing form, namely,
Tα =
1
2
⋆
(
dgβ ∧ iα ⋆ dg
β − iαdgβ ∧ ⋆dg
β
)
+
1
2
δgβ ∧ δg
β ∧ gα + iβdδg
β ∧ gα − iαdδg
β ∧ gβ,
principally if compared with Rodrigues’ original expression for (Tα) [17].
From this, we could deduce that if the gravitational Lorenz gauge is assumed,
for which
δgα = 0, 0 ≤ α ≤ 3,
the gravitational field equations becomes a system of four coupled Proca equa-
tions with variable mass,
gα +
1
2
〈
dgβ |dg
β
〉
gα = idgβ
(
gα ∧ dg
β
)
+ Jα.
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As we have indicated in Examples 37 and 38, these equations may be of inter-
est in the study of the propagation of gravitational-electromagnetic waves, as
illustrated in the solutions of [18], [19] and [20].
As another consequence of our study of the gravitational equations, we
proved a particularly simple force law for the matter currents coupled to the
gravitational field. Namely, that if we identify the 1–form
Wξ =
1
2
⋆
(
dgβ ∧ iξ ⋆ dg
β − iξdgβ ∧ ⋆dg
β
)
with the gravitational energy-flow along the Killing vector field ξ ∈ secTM ,
then
δWξ = 〈iξdgα|T
α + J α〉 .
It must be observed that by employing the same argument used in the proof
of Lemma 43, one can express the above force law entirely in terms of the
components of the 2–form of non-metricity together with the matter currents
(Jα). In this way, the coupling of matter with non-metricity in our formalism
can still be analyzed in more details.
Finally, as Nester, Adak and collaborators, we proved that a gravitational
theory equivalent to GR can be formulated so that the gravitational field derives
purely from the non-metricity of a flat torsionless connection. Particularly, we
showed that our gravitational field equations coupled to the matter currents
(Jα) can be rewritten as
iνJµ = Q
α
µ[αν]; +Q
α
αν ;µ −
[
Q
α;β
αβ +
1
2
(
QαβγQ
α[βγ] +Q ααβ Q
βγ
γ
)]
ηµν
−Qα[µβ]Q
α[βγ]ηγν −QµαβQ
[αβ]
ν −Qµ[αν]Q
α β
β ,
where Qαβγ are the components of the non-metricity 2–form of the NM con-
nection D to which our gravitational potentials are adapted. From this, we see
that the linearized field equations in terms of non-metricity are
iνJµ = Q
α
µ[αν]; +Q
α
αν ;µ −Q
α;β
αβ ,
which constitute a coupled system of first order partial differential equations.
Now we close by commenting the following remark by Nester [25].
“Of course the STGR7 formulation has some liabilities. It must
be emphasized that in this geometry it is no longer possible to sim-
ply commute derivatives and the raising or lowering of indices via
the metric as we are so accustomed to do in the standard Rieman-
nian approach. Hence tensorial equations will appear differently
depending on how the indices are arranged. (...) Another obvious
limitation of the STGR formulation is that it (almost) requires a
global coordinate system”.
7“Symmetric Teleparallel General Relativity”. See p. 28.
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The above criticisms are irrelevant to our non-metricity formulation of GR, as we
have adopted the calculus of differential forms instead of the classical tensorial
calculus. We assumed that our spacetime manifold is parallelizable (something
which can be justified physically from the existence of spinorial fields) and that
the gravitational potentials are represented by a cobase field (gα). The only
components which we have utilized above are the components Qαβγ relative to
(gα) of the 2–form of non-metricity Qγ in Eq.(50), for which
Qγ =
1
2
Qαβγg
α ∧ gβ.
As (gα) exists globally and our “raising and lowering” of indices derives from
the metric g = ηαβg
α ⊗ gβ, we can raise and lower indices in Eq.(50) with g as
usual, and no global coordinate system is required.
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A Einstein-Hilbert Lagrangian
In this Appendix, we show how the usual interpretation of GR in terms of the
curvature of the pseudo-Riemmanian space (M,g,∇), where g = ηαβg
α ⊗ gβ is
induced by the gravitational potentials (gα), arises from the Wallner Lagrangian.
That is, we shall geometrize the theory in a Lorentzian space by giving a privilege
to its Levi-Civita connection.
First, we show that the WL can be decomposed in three terms, one of which
is of Yang-Mills type. Such decomposition is due to Rodrigues and de Souza
[16].
Lemma 48 The WL can be written as
L =
1
2
dgα ∧ ⋆dg
α −
1
2
δgα ∧ ⋆δg
α −
1
4
gα ∧ dg
α ∧ ⋆
(
gβ ∧ dg
β
)
.
In fact, using Lemma 13,
δgα ∧ ⋆δg
α = iαdg
α ∧ ⋆iβdg
β = −dgα ∧ iα ⋆ iβdg
β
= −dgα ∧ ⋆
(
iβdg
β ∧ gα
)
= −dgα ∧ ⋆iβ
(
dgβ ∧ gα
)
+ dgα ∧ ⋆dgα
= −iβ
(
dgβ ∧ gα
)
∧ ⋆dgα + dgα ∧ ⋆dgα
= −gα ∧ dg
β ∧ ⋆ (gβ ∧ dg
α) + dgα ∧ ⋆dgα. 
Now we geometrize the gravitational theory.
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Lemma 49 Let M be a four–dimensional parallelizable manifold and (gα) a
tetrad on M such that g = ηαβg
α ⊗ gβ is a Lorentzian metric. Let (Rαβ) be
the curvature 2–forms of the Levi-Civita connection of (M,g), (Rα) the Ricci
1–forms and R = iαRα the Ricci scalar. Therefore, the WL can be written (up
to an exact differential) as
L =
1
2
R⋆1 = −
1
2
Rαβ ∧ ⋆
(
gα ∧ gβ
)
.
Before we start our geometrization, lets prove the second equality of the
latter equation. Indeed, by Eq.(1), Rα = −iβRβα, so that
R = −iαiβR
βα = −igβ∧gαR
βα = −igα∧gβR
αβ ,
and therefore
R⋆1 = −⋆
(
igα∧gβR
αβ
)
= −Rαβ ∧ ⋆
(
gα ∧ gβ
)
.
We remark that the above minus sign derives from our definition of the Ricci
tensor.
Now, let (θαβ) be the Levi-Civita connection 1–forms of (M, g) relative to
(gα). Recalling the first Cartan structural equation, dgα = −θ βα ∧ gβ , we can
prove that
2dgα ∧ ⋆dg
α −
1
2
gα ∧ dg
α ∧ ⋆
(
gβ ∧ dg
β
)
= − (θαγ ∧ g
γ) ∧ ⋆dgα − (θαγ ∧ g
γ) ∧ ⋆dgα +
1
2
gα ∧ (θαγ ∧ g
γ) ∧ ⋆
(
gβ ∧ dg
β
)
= −θαγ ∧ ⋆dg
α ∧ gγ + θαγ ∧ ⋆dg
γ ∧ gα −
1
2
θαγ ∧ ⋆
(
gβ ∧ dg
β
)
∧ gα ∧ gγ
= −θαγ ∧ ⋆
2 (⋆dgα ∧ gγ) + θαγ ∧ ⋆
2 (⋆dgγ ∧ gα)−
1
2
θαγ ∧ ⋆
2
(
⋆
(
gβ ∧ dg
β
)
∧ gα ∧ gγ
)
= −θαγ ∧ ⋆i
γ
(
⋆2dgα
)
+ θαγ ∧ ⋆i
α
(
⋆2dgγ
)
−
1
2
θαγ ∧ ⋆i
γiα ⋆2
(
gβ ∧ dg
β
)
= θαγ ∧ ⋆i
γdgα − θαγ ∧ ⋆i
αdgγ −
1
2
θαγ ∧ ⋆i
γiα
(
gβ ∧ dg
β
)
= θαγ ∧ ⋆
[
iγdgα − iαdgγ +
1
2
iαiγ
(
gβ ∧ dg
β
)]
.
On the other hand, by Eq.(7) (also, cf. Lemma 14),
θαγ = iγdgα − iαdgγ +
1
2
iαiγ
(
gβ ∧ dg
β
)
,
so that
2dgα ∧ ⋆dg
α −
1
2
gα ∧ dg
α ∧ ⋆
(
gβ ∧ dg
β
)
= θαγ ∧ ⋆θ
αγ . (51)
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Also,
−dgα ∧ ⋆dg
α = − (−θαγ ∧ g
γ) ∧ ⋆
(
−θαδ ∧ g
δ
)
= − (θγα ∧ g
γ) ∧ ⋆
(
−θαδ ∧ g
δ
)
= θαγ ∧ g
α ∧ ⋆
(
θγδ ∧ g
δ
)
, (52)
and, using the proof of Lemma (12),
−δgα ∧ ⋆δg
α = −δgα ∧ ⋆ (− ⋆ d ⋆ g
α) = δgα ∧ ⋆
2 (d ⋆ gα)
= −δgα ∧ d ⋆ g
α = ⋆ (d ⋆ gα) ∧ d ⋆ g
α
= d ⋆ gα ∧ ⋆ (d ⋆ gα)
= θαγ ∧ ⋆g
γ ∧ ⋆
(
θαδ ∧ ⋆g
δ
)
. (53)
So, by Eqs.(51), (52) and (53), the EHL becomes
2L =
[
2dgα ∧ ⋆dg
α −
1
2
(gα ∧ dg
α) ∧ ⋆
(
gβ ∧ dg
β
)]
− dgα ∧ ⋆dg
α − δgα ∧ ⋆δg
α
= θαγ ∧ ⋆θ
αγ + θαγ ∧ g
α ∧ ⋆
(
θγδ ∧ g
δ
)
+ θαγ ∧ ⋆g
γ ∧ ⋆
(
θαδ ∧ ⋆g
δ
)
. (54)
Now, the third term can be written as
θαγ ∧ ⋆g
γ ∧ ⋆
(
θαδ ∧ ⋆g
δ
)
= ⋆θαγ ∧ g
γ ∧ ⋆
(
⋆θαδ ∧ g
δ
)
= − ⋆2
(
⋆θαγ ∧ g
γ
)
∧ ⋆
(
⋆θαδ ∧ g
δ
)
= − ⋆
(
iγθαγ ∧ i
δθαδ
)
, (55)
while the first two as
θαγ ∧ ⋆θ
αγ + θαγ ∧ g
α ∧ ⋆
(
θγδ ∧ g
δ
)
= θαγ ∧ ⋆θ
αγ + θαγ ∧ g
α ∧ iδ ⋆ θγδ
= θαγ ∧ ⋆θ
αγ − iδ (θαγ ∧ g
α) ∧ ⋆θγδ
= θαγ ∧ ⋆θ
αγ − θαγ ∧ ⋆θ
αγ − iδθαγ ∧ g
α ∧ ⋆θγδ
= iδθαγ ∧ ⋆θ
γ
δ ∧ g
α
= −iδθαγ ∧ ⋆
2 (⋆θγδ ∧ g
α)
= −iδθαγ ∧ ⋆i
αθγδ
= ⋆
(
iδθαγ ∧ i
γθαδ
)
. (56)
Therefore, by Eqs.(54), (55) and (56),
2L= ⋆
(
iδθαγ ∧ i
γθαδ − i
γθαγ ∧ i
δθαδ
)
= −igγ∧gδ (θαγ ∧ θ
α
δ) ⋆ 1
= − (θαγ ∧ θ
α
δ) ∧ ⋆
(
gγ ∧ gδ
)
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or simply that
L =
1
2
θγα ∧ θ
α
δ ∧ ⋆
(
gγ ∧ gδ
)
.
However,
dθγδ ∧ ⋆
(
gγ ∧ gδ
)
= d
(
θγδ ∧ ⋆
(
gγ ∧ gδ
))
+ θγδ ∧ d ⋆
(
gγ ∧ gδ
)
= d (...) + θγδ ∧
[
−θγǫ ∧ ⋆
(
gǫ ∧ gδ
)
− θδǫ ∧ ⋆ (g
γ ∧ gǫ)
]
= d (...)− 2θγα ∧ θ
α
δ ∧ ⋆
(
gγ ∧ gδ
)
.
Now, the reader must remember the second Cartan structural equation, so that
the above equation yields
Rγδ = dθγδ ∧ ⋆
(
gγ ∧ gδ
)
+ θγα ∧ θ
α
δ ∧ ⋆
(
gγ ∧ gδ
)
= d (...)− 2θγα ∧ θ
α
δ ∧ ⋆
(
gγ ∧ gδ
)
+ θγα ∧ θ
α
δ ∧ ⋆
(
gγ ∧ gδ
)
= d (...)− θγα ∧ θ
α
δ ∧ ⋆
(
gγ ∧ gδ
)
.
Therefore, in terms of curvature,
L =
1
2
d (...)−
1
2
Rαβ ∧ ⋆
(
gα ∧ gβ
)
. 
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